In this paper we extend the bosonic D-brane action in D = 10 obtained by duality from the D = 11 membrane wrapped on S 1 to an SU (2) non abelian system. This system presents only first class constraints, whose algebra closes off-shell and generalizes the algebra of diffeomorphisms of the D2-brane to include non abelian symmetry generators.
Introduction
The abelian Born-Infeld (BI) [1, 2, 3] action was derived as the part of the open string effective action in an abelian background which depends on the field strength but not on its derivatives [1] . The BI action appears also as the effective action for the vector field on the world volume of a D-brane [2, 3] where the induced metric is taken to be Minkowskian.
For n parallel branes the gauge invariance group is extended to U(1) n which in the limit of overlapping branes is promoted to U(n) [4] . In analogy with the abelian case the non-abelian Born-Infeld (NBI) action should be the string effective action in a non-abelian background or the effective action of the vector field in the n-brane configuration. But in this case the part of the action which depends on the field strength of the non-abelian vector field but not on its covariant derivatives is not unambiguously defined. This is because the relation [D m , D n ] F pq = [F mn , F pq ] allows to transform some terms with covariant derivatives into terms without derivatives. In Refs. [5, 6] Tseytlin suggested a natural prescription for defining the NBI action obtained by applying a symmetrized trace to the adjoint gauge group indices in the action defined by the replacement of F mn in the BI action by a non abelian field strength (see Ref. [7] for an early discussion). With this prescription, the NBI lagrangian does not contain commutators of F 's as a result of being completely symmetric in all factors of F in each monomial tr (F...F ). The proposal reproduces exactly the full non-abelian open string effective action up to order four [8] since all other possible terms with covariant derivatives can be redefined away at this order. At order F 6 it was pointed in Ref. [9] that Tseytlin's NBI fails to reproduces the fluctuations spectrum computed in perturbative string theory [10] .
More recently a different proposal to fix the ambiguities of the NBI action requiring the existence of certain BPS configurations was proposed in Ref. [11] and used to compute the action up to fifth order [12, 13] and sixth order [14] . The F 5 result was obtained in Ref. [15] from the open superstring 5-point amplitude and confirmed by an independent method in [16] . In Refs. [17, 18] the F 6 result was compared favorably with the string theory computations.
In order to analyze the NBI theory it is natural to work in 10 dimensions and to look at its origin on the superstring amplitudes. From the NBI in 10 dimensions one may then obtain all non-abelian D-brane actions, in a particular gauge, in lower dimensions by dimensional reduction.
Another approach to this problem is to start from the membrane or su-permembrane in 11 dimensions and obtain the geometrical NBI structure by considering the D = 11 object compactified on S 1 . The dual to this systems is a D2 brane in 10 dimensions which is manifestly invariant under the diffeomorphisms on the world volume. In each case the gauge field are of course abelian. The actions for the D2 brane obtained in this way agree both in the bosonic and in the supersymmetric case with the Dirac Born Infeld actions when a perturbative expansion on the field strength is valid. [19, 20, 21, 22] A natural way to define the interacting non abelian system is to generalize this D2 brane action written in terms of a non abelian vector field. This is what we do in this paper for the bossonic case and as we discuss below the symmetry algebra associated to the proposed new action extends the diffeomorphisms algebra of the abelian theory to include non-abelian symmetry generators [23] . The algebra is realized by a set of first class constraints describing the world-volume diffeomorphisms together with the non-abelian Gauss law and is written in terms of the 10 commutative X m coordinates and a non-abelian gauge field associated to interacting branes. This corresponds to consider a regime in which the non commutative coordinates associated to interacting branes may be approximated by its "diagonal" terms only, while the gauge field becomes non abelian. Alternatively we may also write directly the hamiltonian of the theory as the linear combination of the first class constraints and since the theory is invariant under diffeomorphisms reobtain the action of the whole system consistently. In order to construct from this theory a NBI action we fix the gauge and reduce the theory to a flat background. The NBI action in 2+1 dimensions emerges as a perturbative expansion in terms of the curvature of the non abelian gauge field. We show the explicit calculations, for SU(2), till the sixth order on the curvature. The terms up to fourth order without derivatives or commutators of the curvatures may be rewritten in terms of a symmetrized trace of the Born-Infeld action.
The approach presented here appears to be generalizable to the supersymmetric case [24, 25, 26] where issues related to the κ-symmetry and the non commutativity of the embedding maps introduce different obstacles for the construction of the action. See also Ref. [27, 28] for a different approach for defining the NBI action based in general coordinate invariance.
Non-abelian interacting Dbranes
In d dimensions the D2-brane is described in terms of the intrinsic three dimensional metric γ ij , the space time coordinates X m and a gauge field A I i defined on the world volume [21, 22, 29] . A natural extension for the action in the non abelian case is given by,
where F is the curvature of the SU(2) connection A:
The dimension d of the target space is not relevant in the bosonic case although it would be in the supersymmetric extension. The canonical analysis may be done using the ADM decomposition of γ ij given by,
where
In terms of these variables the action is given by,
Introducing the canonical momenta P m , Π Ia and P ab associated to X m , A I a and β ab with the canonical algebra
and after some algebra we obtain the hamiltonian of our interacting D2-brane system expressed in the form,
where Φ, Φ a , ϕ I and Ω ab are the constraints associated to the symmetries of the SU (2) interacting D2-brane. The constraints are given by,
where,
These constraints generalize the primary constraints of the abelian case. The conservation of the primary constraints give rise to the secondary constraint, δΦ δβ ab = 0,
which allows to determine β ab in terms of the other canonical variables. The elimination of the canonical pair β ab , P ab allows the reduction of the action.
The only constraint which depends on β ab is Φ. The remaining constraints have the same expression as before. All the constraints are now first class ones: Φ a are the generators of spatial diffeomorphisms on the world volume and they do not depend on the target metric nor on the world volume metric β ab and in this sense they are topological; Φ is the generator of temporal diffeomorphisms and is metric dependent. The algebra satisfied by Φ a , Φ and ϕ I has the same structure as before the reduction and is given by,
where C ab = 4ββ ab and C I a is a function of (β ab ). Since the structure coefficients depend on β ab the algebra is open We have thus constructed the canonical formulation associated to the original covariant action (2) .
The expression for the Hamiltonian is closed if a solution of Eq.(12) is provided. In the next section we obtain a perturbative solution of Eq.(12).
The computation of β ab
In order to construct the action explicitly we have to determine the solution for β. This can be done order by order in an expansion in terms of the momenta of the gauge fields. First we compute (12) obtaining,
from where we get after contracting with β ab
After some calculations the determinant of (15) may be obtained. For β = 0 we have
where the • means a target space index a = 1, 2. From (15) and (16) , and provided β = 0 we have
We finally obtain,
which allows to solve β ab order by order in Π Ia Π Ib using an iterative procedure. We also realize that the constraint Φ only depends on β ab through β since we can express
Thus we need only to evaluate β. In the abelian case det (Π • Π • ) = 0 and the exact solution for β is given then by,
The exact closed expression for the constraint Φ for the abelian case is
Returning to the non-abelian case we try a power expansion for β ab
with the induced metric g ab ≡ ∂ a X m ∂ b X m , and taking O nab of order 2n in Π Ia . We then find for β ab
and for β,
where g = det (g ab ) and (Π g ) 2 = g ab Π Ia Π Ib . After some calculations we obtain the solution for the O iab to order i = 2 ,
In the abelian case O 1ab = 0 and O 2ab = 0 and det (Π • Π • ) = 0 in agreement with the previous result.
Covariant Reduction of the interacting theory to a Non-abelian Born-Infeld Theory
In this section we perform a covariant reduction of the interacting theory action previously obtained to a NBI action. We start from the action
where the hamiltonian is given by (7) . The field equations arė
Now we look for class of solutions to the constraints that are obtained when we impose g ab = δ ab . We found them by considering,
Substituting this in Eq. (28) we obtain for the momenta
After imposing Φ a = 0 and Φ = 0 we have P a + ε ab f I Π Ib = 0 (33)
We replace all these relations in (27) and obtain
From (29) we get F I 0a and replacing into (35) we have
We may now expand the action in powers of the non abelian field strength F 's. In order to do that we need to express the momenta Π I a in terms of the F I 0a .For example to obtain the action to the fourth order in F 's we proceed in a recursive way, order by order, and we first write Π I a up to order three in the field strength
but retaining P 0 only up to order two. The expansion of P 0 to order fourth gives
The Lagrangian obtained up to fourth order by replacing in (36) (38) and (39) is given by
After eliminating all the terms with commutators of the kind [D, D] F = [F, F ] one obtains the Lagrangian for the NBI system up to the fourth order.
The result obtained is manifestly covariant and can be written as
Following the same procedure we obtain the Lagrangian up to the sixth order
Discussion
In this paper we showed that the bosonic D-brane action in D = 10 obtained by duality from the D = 11 supermembrane wrapped on S 1 may be extended to include SU(2) non-abelian generators and that the corresponding algebra of first class constraints is completely consistent. This theory is formulated in terms of unconstrained fields (i.e without second class constraints) and hence is at the same level of consistency that the U(1) D-brane theory. This is achieved without including non-commutative coordinates. From the SU(2) D-brane action, we also obtained the SU(2) Born-Infeld theory by performing a reduction to a flat background. The calculations were performed till the sixth power of the curvature and agree up to fourth order with the result obtained from the superstring amplitudes. This gives a new approach to analyze non-abelian Born-Infeld theories.
The complete understanding of interacting D-branes is still an open problem. In particular, the non-abelian generalization of the Born-Infeld theory still has unanswered questions. One of them is the role of the κ-symmetry in the supersymmetric non-abelian D-brane theory. In this direction, the next problem to be addressed is the corresponding supersymmetric theory for which our approach results very appropriate to analyze the role of kappa symmetry.
